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POSITIVITY OF DIRECT IMAGES OF FIBERWISE RICCI-FLAT 
METRICS ON CALABI-YAU FIBRATIONS 

YOUNG-JUN CHOI 


Abstract. Let A be a Kahler manifold which is fibered over a complex manifold 
Y such that every fiber is a Calabi-Yau manifold. Let u be a fixed Kahler form on 
X. By Calabi and Yau’s theorem, there exists a unique Ricci-flat Kahler form p\x y 
for each fiber, which is coliomologous to oj\ x y - This family of Ricci-flat Kahler 
forms p\x y induces a smooth (1, l)-form p on X with a normalization condition. 
In this paper, we prove that the direct image of p n+1 is positive on the base Y and 
that there exists a lower bound of p which is given by the Green kernel on each 
fiber and the Weil-Petersson metric on Y. We also discuss several byproducts, 
among them the local triviality of families of Calabi-Yau manifolds. 
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1. Introduction 

Let p : X —> Y be a proper surjective holomorphic mapping between complex 
manifolds X and Y whose differential has maximal rank everywhere such that every 
fiber X y := p~ * 1 (y) is a compact Kahler manifold. This is called a smooth family 
of compact Kahler manifolds or a compact Kahler fihration. If every fiber X y is a 
Calabi-Yau manifold, i.e., a compact Kahler manifold whose canonical line bundle 
Kx y is trivial, then the family is called a smooth family of Calabi- Yau manifolds or 
a Calabi- Yau fibration. 
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If (X,oS) is a Kahler mainfiold, then a celebrated theorem due to Calabi and 
Yau implies that on each fiber X y , there exists a unique Ricci-flat metric u>KE,y in 
the cohomology class [u;|xj- This family of Ricci-flat metrics induces a hberwise 
Ricci-flat metric on the total space X. 

The main theorem of this paper is the following: 

Theorem 1.1. Let p : X —> Y be a smooth family of Calabi-Yau manifolds. Suppose 
that X is a Kahler manifold equipped with a Kahler form u. Let ojke, v be the unique 
Ricci-flat form in the cohomology class [u>|x B ]- Then there exists a unique smooth 
function ip 6 C°°(X) which satisfies the following properties: 

(i) f Xy <fi(vKE, y ) n = 0 for every y £ Y, 

(ii) uj + dd c (p\x y is a Ricci-flat Kahler form on X y for every y £ Y and 

(iii) p* (u + dd c ip) n+1 is a positive (1, l)-form on Y. 

Here d c means the real operator defined by 

d c = ff(d-8). 

Then we have dd c = \/ — ldd. We call the (1, l)-form p := u> + dd c ip which satisfies 
the property (ii) afiberwise Ricci-flat metric or a fiberwise Ricci-flat Kahler form on 
a Calabi-Yau hbration p : X —> Y. Note that a real (1, l)-form on X satisfying (ii) is 
not uniquely determined. With the normalization condition (i), the hberwise Ricci- 
flat metric is uniquely determined. From now on, the hberwise Ricci-hat metric on 
a Calabi-Yau hbration means the real (1, l)-form which satishes (i) and (ii). It is 
remarkable to note the following: 

• Theorem 11.11 basically deals with a smooth family of polarized Calabi-Yau 
manifolds in the sense of deformation theory. 

• Theorem o does not assume the compactness of the base Y. 

For a family of canonically polarized compact Kahler manifolds, we have a hber¬ 
wise Kahler-Einstein metric by the similar way. The positivity of the hberwise 
Kahler-Einstein metric on a family of compact Kahler manifolds was hrst stud¬ 
ied by Schumacher. In his paper EDI. he have proved that the hberwise Kahler- 
Einstein metric on a family of canonically polarized compact Kahler manifolds is 
semi-positive. Moreover he have also proved that it is strictly positive if the family 
is effectively parametrized. This is equivalent to the semi-positivity or positivity of 
the relative canonical line bundle of the family, respectively. Paun have shown that 
if the relative adjoint line bundle is positive on each hber, then it is semi-positive 
on the total space by generalizing the method of Schumacher (|28j). Guenancia 
also have proved the semi-positivity of the hberwise conic singular Kahler-Einstein 
metric QT6j). In case of a family of complete Kahler manifolds, Choi have proved 
that the hberwise Kahler-Einstein metric on a family of bounded pseudoconvex 
domains is semi-positive or positive if the total space is pseudoconvex or strongly 
pseudoconvex, resepctively mm)- 

The proof of Schumacher’s theorem starts with the following identity from [31] : 
For a real (1, l)-form r on X , 

( 1 . 1 ) 


r n+1 = c(r)T n V^lds A ds 
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where r n is the n-fold exterior power divided by n\. Here c(r) is called a geodesic 
curvature of r. (For the detail, see Section [2d] ) Now suppose that r is positive- 
dehnite on each fiber X y . Then (11.11) says that r is semi-positive or positive if 
and only if c(r) > 0 or c(r) > 0, respectively. Schumacher have proved that the 
geodesic curvature of the hberwise Kahler-Einstein metric on a family of canonically 
polarized compact Kahler manifolds satisfies a certain second order linear elliptic 
partial differential equation. This PDE gives a lower bound of the geodesic curvature 
by the maximum principle or an lower bound estimate on the heat kernel. 

However, in case of a Calabi-Yau hbration, the PDE which the geodesic curvature 
of hberwise Ricci-flat metric satisfies is of a different type from the previous one. (See 
Section |U) In particular, it does not give a lower bound of the geodesic curvature. 
This is why Schumacher’s method does not give positivity or semi-positivity of the 
hberwise Ricc-hat metric. But the approximation procedure of complex Monge- 
Arnpere equations, it is possible to obtain a lower bound of the direct image of the 
hberwise Ricci-hat metric (see Section 0) This is the main contribution of this 
paper. 

This difference of the PDEs, which the hberwise Kahler-Einstein metric on a 
family of canonically polarized manifolds and the hberwise Ricc-hat metric on a 
family of Calabi-Yau manifold satisfy, arises from the difference of complex Monge- 
Ampere equations which give the Kahler-Einstein metrics. More precisely, the com¬ 
plex Monge-Ampere equation of type: 

(1.2) (u + dd c if) n = e Xp+f oj n , 

for some constant A > 0 and some suitable smooth function /, gives the Kaher- 
Einstein metric on a canonically polarized compact Kaher manifold. On the other 
hand, the complex Monge-Ampere equation of type: 

(1.3) (u + dd c (p) n = eho 11 

for some suitable smooth function /, gives the Kahler-Einstein (in this case Ricci- 
hat) metric on a Calabi-Yau manifold. It is remarkable to note that if / and / 
coincide, then (1 1.2 [) converges to (II.3p as A —> 0. Then by the a priori estimate for 
complex Monge-Ampere equation, it is well known that the solutions tp\ of (II.2p 
converges to the solution of (ll.3|) (see Section [3]). This is the key obervation of the 
proof of approximation procedures which we already mentioned. 

Although we cannot obtain the positivity of the hberwise Ricci-hat metric p on 
A", Theorem 11.11 gives a lower bound of p which is given by the Green kernel of each 
hber and the Weil-Petersson metric on the base Y. 


Theorem 1.2. Let G y (z,w) be the Green kernel of — A UKEy on X y which is nor¬ 
malized by 


G y (z,w)dV u 


UKE,' 


(z) = 0 . 


'Xu 


Let —Ii(y ) with K(y) > 0 be the lower bound of the Green kernel, i.e., 


. , in v f G y (z,w) = -K(y). 

( Z,W)eXyXXy 


Then p + K(y)u WP is positive on X, where u j wp is the Weil-Petersson metric on 
Y. (About the Green kernel, see fl\.) 
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It is remarkable to note that the lower bound of the Green kernel of a compact 
Kahler manifold is bounded from below by a constant which depends only on the 
geometry of the compact Kahler manifold, more precisely, the Ricci curvature, the 
diameter and the volume (Theorem 3.2 in [3]). Since the Ricci curvature of every 
fiber vanishes and the volume of every fiber is same (see Subsection l3.2p . the hberwise 
constant K(y) is uniformly bounded from below if the diameter of every fiber is 
bounded. 

In the meantime, the second order elliptic PDE for the geodesic curvature c(p) of 
the hberwise Ricci-flat metric of a Calabi-Yau hbration gives several informations 
about Calabi-Yau hbrations. Among them, there is a result about the local triviality 
of Calabi-Yau hbrations. 

Theorem 1.3. Let p : X —>• Y be a smooth family of Calabi-Yau manifolds. Let 
E := pJKx/y) be the direct image bundle of the relative canonical line bundle Kx/y- 
We denote by Q(E) the curvature of the natural L 2 metric of E. If Q(E) vanishes 
along a complex curve, then the family is trivial along the complex curve. 

A similar result was obtained by Tosatti in [3Tj (cf. see also [IT] ). Jolany informed 
the author that he also proved Theorem 11.31 and some estiamtes of this paper Q2T]). 


Acknowlegement. The author happily acknowledges his thanks to Mihai Paun 
who suggested this problem, shared his ideas and Dano Kim for very helpful discus¬ 
sions. He is also indebted to Hoang Lu Chinli for teaching him the approximation 
process of complex Monge-Ampere equations, Bo Berndtsson for enlightening discus¬ 
sions about many topics, including the direct image bundles and Griffiths theorem, 
Henri Guenancia for helpful comments about Proposition 13.71 Long Li for many help¬ 
ful comments about Green kernels, Philippe Eyssidieux for many helpful comments 
and discussions and Jean-Pierre Demailly for enlightening comments including the 
natural hermitian metric on a family of Calabi-Yau manifolds. Finally, he would 
like to thank Yuxin Ge for informing him the error of the previous version. 


2. Preliminaries 


Let p : X n+d —» Y d be a smooth family of Kahler manifolds. Taking a lo¬ 
cal coordinate (s 1 ,..., s d ) of Y and a local coordinate (z 1 ,... , z n ) of a fiber of p, 
(z 1 ,..., z n , s 1 ,..., s d ) forms a local coordinate of A" such that under this coordinate, 
the holomorphic mapping p is locally given by 

p(z\...,z n ,s\...,s d ) = (s\...,s d ). 


We call this an admissible coordinate of p. 

Throughout this paper we use small Greek letters, a, /3, ■ ■ ■ = 1,..., n for indices 
on ^ = (z 1 , ..., z n ) and small roman letters, i, j, ■ ■ ■ = 1 ,..., d for indices on s = 
(s 1 ,..., s d ) unless otherwise specified. For a properly differentiable function / on 
X, we denote by 


( 2 . 1 ) 


fa 


df df 

dzx 1 dz?’ 


and fi 



df_ 
dsi ’ 


where z^ and s- 7 mean z@ and s- 7 , respectively. In case d 


fs 


d£ 

ds 


and f s 


dj_ 

ds' 


1, we denote by 
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If there is no confusion, we always use the Einstein convention. For simplicity we 
denote by := d/ds\ If d — 1, then we denote by v := d/ds. 


2.1. Horizontal lifts and geodesic curvatures. For a complex manifold M, we 

denote by T'M the complex tangent bundle of type (1,0). 


Definition 2.1. Let V G T'Y and r be a real (1, l)-form on A". Suppose that r is 
positive definite on each fiber X y . 

1. A vector field V T of type (1,0) is called a horizontal lift of V if V T satisfies 
the following: 

(i) (K, W) r = 0 for all W G VX y , 

(ii) dn(V T ) = V. 

2. The geodesic curvature c(r)(V) of r along V is defined by the norm of V T 
with respect to the sesquilinear form (•, -) T induced by r, namely, 

c(r)(V) = (K,V t ) t . 


Remark 2.2. Let (z 1 ,..., z n , s 1 ,..., s d ) be an admissible coordinate of p. Then we 
can write r as follows: 

r = \/—l ( Tfjds 1 A ds^ + T^ds 1 A dz^ + T a ^dz a A ds^ + T a §dz a A dz^ ) . 




Since r is positive-definite on each fiber X y , the matrix (r a ^) is invertible. We denote 
by (r^ a ) the inverse matrix. Then it is easy to see that the horizontal lift of d/ds l 
is given as follows. 


d_ 

<9s* 


d 


r /3a 


d 


ds i T ^ T dz a ’ 


in particular, any horizontal lift with respect to r is uniquely determined. 

On the other hand, the geodesic curvature c(r)(uj) is computed as follows: 

c{r)(Vi) = (( Vi ) T , (Vi)r) T 


--T,T^X X- TlT h 9 

'ifi' n -,cv ’ 'iS‘ 


ds i 


dz a ’ ds i 


dz i 


= Ta - Tf 5 T^T^ - TipT^Tri + 

- n-— n- _ 

1 ii 1 i(3 1 1 aii 


because r is a real (1, l)-form. 


Remark 2.3. The real (1, l)-form r in Definition 12.II induces a hermitian metric on 
the relative canonical line bundle Kx/y as follows: 

Let (z 1 ,..., z n , s 1 ,..., s d ) be an admissible coordinate in A". Since r is positive- 
definite on each fiber, (r a p) is positive-definite. Hence 

y: r a p(z, s)dz a A dz& 

gives a Kahler metric on each fiber X s . It follows that 
(2.2) det(r^(^,s)) _1 

gives a hermitian metric on the relative line bundle Kx/y ■ We denote this metric 
by h T x / Y - The curvature form O h T x/Y {K x /Y) °f h T x / Y is given by 

®h- x/Y (Kx/ Y ) = dd c log det(r a p(z, s)). 
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It is obvious that the cuvature is also written as follows: 

® H t x/y {K x /y) = dd c log det (r n A dV s ), 
where we denote by r n the n-fold exterior power divided by n\. 

Suppose that Y is 1-dimensional. Then it is well known (cf, see [31]) that 
(2.3) r n+1 = c(r) • r n A ds A ds. 

It follows that if c(r) > 0 (> 0), then r is a positive (semi-positive) real (1, l)-form 
as r is positive definite when restricted to X y . On the other hand, (12.311 says that 


P*t 


n +1 _ 




• T n A y/^-lds A ds. 


Hence p*r n+1 is positive or semi-positive if and only if J Y c(r)r n is positive or 
nonnegative, respectively. For later use, we introduce the following lemma. 


Lemma 2.4. The following identity holds: 

i VT r = y/^lc{r)ds. 

Proof. The computation is quite straightforward. 


i VT r = (r S sds + r s pdz^ - T s ^ a T a sds - T sS T Sa T a pdz^ 

= x/^l (r S sds - T s ^ a T aS d^ 

= c(r)ds. 

This completes the proof. □ 


2.2. Kodaira-Spencer classes and Direct image bundles. Let p : X —> Y be 
a smooth family of compact Kahler manifolds. We denote the Kodaira-Spencer map 
for the family p : X —> Y at a given point y G Y by 


I< y : T' y Y -> H\X„T'X,). 

The Kodaira-Spencer map is induced by the edge homomorphism for the short exact 
sequence 

0 -> T' x/y T'X —>■ p*T'Y 0. 

If V G T'yY is a tangent vector, and if 

d 


V + b c 

is any smooth lifting of V along X y , then 


d[V + b° 


d 

dz° 


dz c 


db a d 
dz& dz a 


<8) dz$ 


is a enclosed form on A", which represents K y (V). i.e., 


K,(V) 


db a d 
dzh dz a 


® d-r 


e H°'\x y ,rx y ). 


This cohomology class K y {V) is called the Kodaira-Spencer class of V. The cel¬ 
ebrated theorem of Kodaira and Spencer says that if the Kodaira-Spencer class 
vanishes locally, then the family is locally trivial ([2D], see also USD- 
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The direct image sheaf E := p*(Kx/y) of Kx/y is defined by the sheaf over Y 
whose fiber E y is given by 

E y — H°(X yi K Xy ). 

It is remarkable to note that this sheaf is indeed a holomorphic vector bundle by 
the Ohsawa-Takegoshi extension theorem (for more details, see Section 4 in pf]). E 
is a hermitian vector bundle with Lr metric defined by following: For u y ,v y G E y , 
define (u y , v y ) by 

(Uy, Vy) y = 

where c n = (\/—l) n2 chosen to make the form positive. The Kodaira-Spencer class 
acts on u y G E y as follows: Let k y (V ) be any representative of K y (V), i.e., T'X y - 
valued (0, l)-form in K y (V), which locally decomposes as 

k y = C t ®w 

where ( is a (0, l)-form and in is a vector field of type (1, 0). Then k y (V) acts on u y 
by 

ky(V) ' Uy C A (i W (Uy)) , 

where i w is the contraction. This gives a globally defined enclosed form of type 
(n — 1,1) and 

Ky(V) ■ Uy := [ky(V) ■ Uy] £ H^X,). 

The following theorem due to Griffiths says the curvature of E is computed in terms 
of Kodaira-Spencer classes ([18], see also 0). 

Theorem 2.5. Let 0(E) be the curvature of E with L 2 -metric. Then for V G T' y Y, 
(2.4) (Oyy(E)u,u) = \\K y (V) ■ u\\ 2 , 

where \\K y (V) • u|| is the norm of its unique harmonic representative. It does not 
depend on the choice of Kahler metric. 

3. Approximations of complex Monge-Ampere equations 

In this section, we discuss approximations of a solution of complex Monge-Ampere 
equation (1 1.3 [) in terms of the solutions of (jl.2f> . First we consider the approxima¬ 
tion on a single compact Kahler manifold. After that, we apply the approximation 
procedure to a family of complex Monge-Ampere equations. First, we recall the ex¬ 
istence and uniqueness theorem of complex Monge-Ampere equations due to Aubin 
and Yau. 

Let (X,cu) be a compact Kahler manifold. Let / be a smooth function on X. The 
complex Monge-Ampere equation is given by the following: 

(u + dd c p) n = e^+fuA, 

3.1 v 

u + dd p > 0. 

This fully nonlinear complex partial differential equation was first raised by E. Cal- 
abi. The easiest case, A > 0, was solved by Aubin and Yau, independently mm)- 
The next case, A = 0, was solved by Yau ([38]). The last case, A < 0, is not solved 
in general. This is why a compact Kahler manifold with positive first Chern class 
does not have the Kahler-Einstein metric in general (cf, see [36]). 

Theorem 3.1. The following holds: 


ply A Vy 


'Xu 
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1. (Aubin/Yau) If X > 0, then there exists a unique smooth function p satisfying 
(13.11) for every smooth function f G C°°(X). 

2. (Yau) If X = 0, then there exists a smooth function p satisfying (13. Tj) for 
f G C°°(X ) such that f x elcj n = f x co n - Moreover, the solution is unique up 
to the addition of constants. 

3.1. Approximation on a compact Kahler manifold. Let (M, uf) be a compact 
Kahler manifold and / be a smooth function on M satisfying 



Consider the following complex Monge-Ampere equation: 

/ (c o + dd c p) n = e s of 1 , 

3.2 v 

oj + dd p > 0. 

By Theorem 13.11 we already know that there exists a solution which is unique up to 
addition of constants. 

Let {f £ } be a sequence of smooth functions in M which converges to / as £ goes 
to 0 in C fc, "(M)-topology for any k G N and a G (0,1). We want to approximate 
a solution of (13.61) by the solutions p £ of the following complex Monge-Ampere 
equations: 


(u + dd c p £ ) n = e £ ^ +f *oj n 
oj + dd c p £ > 0, 


(3.3) 


as e —> 0. Note that if £ —» 0, then Equation (13.3[) converges to Equation (13.61) . 

The convention all over this paper is that we will use the same letter U C” to 
denote a generic constant, which may change from one line to another, but it is 
independent of the pertinent parameters involved (especially e). 

Proposition 3.2. For each e with 0 < e < 1, let p £ be the solution of (13.3j) . Then 
for any k G N and a G (0,1), there exists a constant C > 0 which depend only on 
k, a, the geometry of (M, oj) and the function f such that 



< C. 


In particular, {p £ } is a relatively compact subset of C k ’ a (M) for any positive integer 
k and a G (0,1). 

Proof. We may assume that 



The first step is obtaining a uniform upper bound for p £ . For each e > 0, the 
solution p £ of (13.31) satisfies that 



Then Jensen inequality implies that 
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it is equivalent to 


=>/< 


p £ e ja ui s 


< 0. 


J M 

Note that f £ converges to / as e -A 0. The Hartogs lemma for quasi-plurisubharmonic 
functions implies that 


(3.4) sup (p £ < C, 

M 

where C is a constant which depends only on the geometry of (M,oj) and / ([IS]). 
Here we recall the simple version of Kolodziej’s uniform estimates (for the general 
theorem, see mm)- 


Theorem 3.3. Let be a compact Kahler manifold. Assume that p satisfies 

the following complex Monge-Ampere equation: 

(u + dd c p) n = Flu 11 , 

lu + dd c p > 0. 

Then 

IMIc°(m) — c 

where C > 0 depends only on (M,cv) and on an upper bound for ||F|| p for some 
1 < p < oo. 

If we set F = e £(pe+ ^, then |F| < C for some C > 0 by (13.41) . Then it follows from 
Theorem 13.31 that 

(3.5) II ( / 9 £|Ic°(m) < C 

for some C > 0 which depends only on M and the function /. 

The second step is obtaining the Laplacian estimates. We recall the following 
theorem in [T2j, which is essentially due to M. Paun ([27], cf. see [32]). 


Theorem 3.4. Let fi> + and be smooth quasi-plurisubharmonic functions on M. 
Let tp G C°°(M ) be such that sup M p = 0 and 

(u + dd c p) n = e* + ~^~uj n . 

Assume given a constant C > 0 such that 

dd c fi ± > —Cu, sup-0 + < C. 

M 

Assume also that the holomorphic bisectioiial curvature of uj is bounded from below 
by —C. Then there exists A > 0 depending on C and j M e~ 2 ^ 4C+r>tp u n such that 

0 < n + < Ae -2 ^ . 


We take if + = ep £ + f £ and = 0. Since f £ converges to / as £ —* 0 and every 
p £ satisfies that 

dd c p £ > —lu , 

it follows from (j3.5j) that fi> + satisfies the hypothesis of Theorem 13.41 Note that 
We} o< e <i is a relatively compact subset of L l (X, uj). This implies the Laplacian 
estimates for tp e : 

^ C 

for some constant C > 0 which depends only on the geometry of (M,oj) and the 
function / by the Uniform Skoda Integrability Theorem due to Zeriahi ([35]). 
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The final step is C 2, “(M)-estimate. For k > 2 and a G (0,1), the standard 
Evans-Krylov method ( p~3l [23] ) and Schauder estimates (cf, see [21 ITT]) imply 

II II — C, 

where C is a positive constant which depends only on k, a, the geometry of (M, oo) 
and the function /. This completes the proof. □ 


Proposition 13.21 implies that there exists a (p G C°°(M) such that tp £ —* (p as 
£ —y 0 by passing through a subsequence. However, ip £ converges without choosing 
a subsequence. 

Corollary 3.5. The solution tp £ converges to <p which satisfies the following nor¬ 
malization condition 


(pe 


f OJ n = 0 . 


'M 


Proof. Consider the following complex Monge-Ampere equation: 

(uj + dd c (p) n = e f uj n , 
oj + dd c Lp > 0. 


(3,6) 


By Theorem 13.11 we already know that there exists a solution which is unique up to 
addition of constants. Let <p 0 be the unique solution which satisfies that 


( poe^oo n = 1 . 


' M 


(3.7) 


For 0 < e < 1, we consider the following equation: 

(u + dd c <p E ) n = e £ ^ +f oo n 
lo + dd c (p £ > 0, 

Now we want to show that ip e go 0 in C fc, “(X)-topology. It is enough to show that 

lim / ip £ e^oo n = 0. 


if —>o 




By Kolodziej’s estimate, there exists a uniform constant C > 0 such that 

< C. 

" ' - ’-\ivij 

It follows that 


IM C k ’ a (M ) 

e £<Pe = 1 + £ip e + o(e). 


On the other hand, we have 

1= f co n = [ (oo + dd c ip £ ) n = [ e £ ^e h oo n = [ (1 + £ip £ + o(e)) e h oo n , 

J M 

so we have 


* M 


IM 


' M 


£ / (p £ e fe oo n = o(e) / e fs o A 


' M 


lx 


This implies the conclusion. 


□ 
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3.2. Approximation on a family of complex Monge-Ampere equations. Let 

p : X n+d —y Y d be a smooth family of compact Kahler manifolds and w be a fixed 
Kahler form on X. Let £ be a differential form of degree 2 n + r on A". Then the 
fiber integral is a differential form of degree r on Y, which is defined as follows: Fix 
a point y 6f and let (U,s= (s 1 ,, s d )) be a coordinate centered at y such that 
there exists a C°° trivialization of the family: 

4> : X 0 x U->p~\U). 

In an admissible coordinate (z, s), the pull-back <f>*£ is of the form 


£ fc (z, s)dV z A da kl A • • • A da kr , 


where the cr kj run through the real and imaginay parts of s- 7 and dV z denotes the 
relative Euclidean volume form. Now the fiber integral is defined by 

[ z = I = E ( f s)dV :z ) da k1 A • • • A da k A 

JX/Y J XqxY/Y \d X a / 

Note that this definition is independent of the choice of coordinates and differ¬ 
entiable trivializations. The fiber integral coincides with the push-forward of the 
corresponding current. Hence, if £ is a differentiable form of type (n + r, n + s), then 
the fiber integral is of type (r, s). In particular, if £ be a differentiable form of type 
(n, n) on X, then f x £ is a smooth function on Y. Moreover, we have the following 
properties (for the details, see [50].): 

(i) Fiber integration coincides with the push forward of a form, which is defined 
as follows: For a form £ on X, p*£ is defined by the form on Y which satisfies 

[ (p*0 A c = [ £A(p*C) 

Jy J x 

for any form £ on Y. 

(ii) Fiber integration commutes with taking exterior derivatives: 


d £ = / d£ 


>x. 


(iii) For a smooth form £ of type (n,n), 

d 


a? I ? = ' i, K) 


'Xs 


'Xs 


for any smooth lifting V of d/ds l on X. 

Note that the volume of a fiber does not change, namely, (ii) implies that 


dVoL, Xs (X s ) = d f co n = [ duj n = 0. 

JXs JXs 

Hence we may assume that Vol^ (X y ) = 1 for every y G Y. The third property 
(iii) will be used in Section [5] 


From now on, we consider a smooth family p : X —» D of compact Kahler 
manifolds over the unit disc D in C. Let u be a Kahler form on A". Linder an 
admissible coordinate (z 1 ,..., z n , s ) in A", u> is written as follows: 

l o = a/—T ( g sS ds Ads + g s pds A dz^ + g a sdz a A ds + g a pdz a A dz 13 ) . 


(3.8) 
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For 0 < e < 1, let {f £ } be a sequence of smooth functions on X. We consider the 
following fiberwise complex Monge-Ampere equations: 

(39) K + d<iV„)" = e w * +/ - |jI «K)“, 

COy + dd C tp y > 0 

on X y for y G D. Theorem 13.11 implies that for each y , there exists a unique solution 
of (13. 9p . call it (p VtE G C°°(X y ). It is remarkable to note that the function p> £ defined 
by 

cp £ (x) = (p y , £ (x), 

where y = p(x), is a smooth function on X. This follows from the openness analysis 
of the continuity method for complex Monge-Ampere equations and the implicit 
function theorem ([38]). By Section 18. 11 there exists a constant C y > 0 such that 


(3.10) 


Ik 


l e|lc fc .“(.Y a ) 


<Cy 


where C y does not depend on e. Since we are now considering a local property on 
y, we may assume that C = C y does not depend on y. 

In this section, we consider the (^’“-estimates for Vip £ and VVtp £ on a fixed fiber 
X y , where V is any smooth lifting of d/ds written as follows: 


V 


d_ ,_d_ 

ds s dzX ' 


Before going further, we introduce the following proposition. 


Proposition 3.6. Let (X,cu) be a compact Kahler manifold. Let {p £ } £& i be a family 
of Kahler metrics on X which are uniformly equivalent to to, i.e., there exists a 
constant C\ > 0 such that 

—uj < p £ < CiUJ for all e G /. 

L\ 

Let u £ be a solution of the following PDE: 

(3.11) -A Pe u £ + eu £ = R £ , 

where R £ is a smooth function on X with 


I R, 


ell C k ’ a (X) 


<Co. 


Suppose that 


u £ uj ' 


<C 3 . 


J x 

Then there exists a uniform constant C > 0 which depends only on C\, C 2 , C 3 and 
the geometry of (A", uj) such that 


Proof. In this proof, we shall use the Schauder estimate, Poincare inequality and 
Sobolev inequality with respect to the Kahler metric p £ (cf, see [fT, .2]). It is remak- 
able to note that the constants in those inequalities do not depend on e G / since all 
p £ are uniformly equivalent to oj. If we have the uniform estimate, i.e., C'°-estiamte 
of u, then Schauder estimate completes the proof. 
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The Poincare inequality says that there exists a constant C which depends only 
on Ci and the geometry of (M, uj) such that 


u F 


U e Pe 


' X 


L IA X ) 


< C \\Du £ \\ L 2 ( X ) i 


where D is a total derivative. It follows from the assumption that 


\u 


ell Ll„(X) < C \\Du e \\ L 2^ x ^ + C1C3. 


On the other hand, multiplying u £ to (13.lip and integrating it with respect to (p £ ) n , 
we have 

+ £ Il u e||i2 e (x) — ReUePe ■ 

J X 

The Holder inequality says that 


(3.12) 


II II Li (X) — ll-^e 


%|| L 2 eW - \\±Le\\ L 2 s{X ) \\ U e\\L^(X) 

Combining the two equations, there exists a uniform constant C which depends only 
on Ci, C 2 , C 3 and the geometry of (X,u) such that 


Ml^ s (x) < C - 


Now we follow the Moser iteration. Multiplying (13. 16[) by \u £ \ 2p 1 • u e / \u £ \ and 
integrating it, we have 

2p- 1 


„ . \D \u £ \ P \ 2 LU n + £ I \u £ \* P UJ n = I R £ U £ LU n . 

P 2 JXy JX J X 

The Sobolev inequality says that 

llkll^- 1 ^) < C (llkll^x) + W D KHI Ll e (x)) 

for p > 1 (0)- Combining two equations, we have 

IKII 2 P .^q- < (Cp) 1 ^ \\u £ \\ r 2 p IY s 

for p > 1. The uniform estimate is obtained by the Moser iteration method (cf, see 
HZ!)- Indeed, set 

/ \ k 

f n \ 

pi = 1 , p k = 


2p n _ 


n — 1 


Then it follows that 

I L«(X) ~ ^"eUZHX) 


U 11 roo / = lim 11 ‘U J £ 11 7- 2Pfc ( y\ < WiCPk) 11 

k =1 


Pk 


\u 


e "LUX) ' 


This completes the proof. □ 

Proposition 3.7. Suppose that there exist constants C\ > 0 and C 2 > 0 such that 


1 x v 


(Vip e ){u y ) r 


<Ci 


and 


||^/e|lc fc '“(A !/ ) < ^2- 
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Then there exits a constant C which depends only on the constants C\, C 2 , the lift 
V and the geometry of (X y ,uj y ) such that 

for 0 < e < 1. In particular, {U<^ e }o< e <i is a relatively compact subset in C k,a (X y ) 
for any fceN and a E (0,1). 


Proof. We denote by p £ = oj + dd c ip £ . Note that Proposition 13.21 implies that there 
exists a uniform constant C > 0 such that 


(3.13) 


1 

< (p\ x v 


< COJy , 


for 0 < £ < 1. Under an admissible coordinate (z 1 ,..., z n , s ), the first equation of 
(13.91) is written as follows: 


(3.14) 


det (g a p + ((p e ) a p) = e £Ve+fe det(^) 


on each X y . Taking logarithm of (13. 14|) and differentiating it with respect to V, we 
have 

(p,r B v {g af + (v,U) = sVg>, + Vf, + gr>V (g al ). 

For a smooth function £, we denote by 


[r,«U = CM - (V0«t 

— ~ a s a/3 ^7 _ a s ) ~ a s p^a'T 

It is remarkable to note that (V,£] a/ g does not include s-derivative of £. Then it 
follows that 

15) -Ap,lx, (V<p.) + e (V>«) =-Vf,~ g°>V ( 9o j) 

+ (peP iy {Oas) + [K l Pe] a g) 

on each fiber X y , where X Pe \ x ^ is the Laplace-Beltrami operator on X y with respect 
to Pe\x y - Here (V ip £ ) and (Vf e ) mean that 

V<p £ = (yipe)\x y and Vf e = (Vf £ )\ Xy . 

From now on, when we think about a family of PDEs, we omit the subsrcript X y in 
the Laplace-Beltrarni opertor, i.e., we write as follows: 


Equation (13.151) says that the right hand side of (13.15|) is a globally defined function 
on X y , call it R £ . Then we have 

(3.16) -A Pe (V(p e )+e(V(p £ ) = Rg. 

This is a second order elliptic partial differential equation with the hypotheses in 
Proposition 13.61 This completes the proof. □ 


Proposition 3.8. Under the assumption in Proposition 3.7 , suppose that there ex¬ 
ists a constant U7 3 > 0 and C 4 such that 


1 x u 


( VV<p £ ) 




and 


|| VVf t 


£ \\C k ’ a (Xy) 


< C, 


< c 4 . 
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Then there exits a constant C which depends only on constants Ci, C 2 , C 3 , C 4 , the 
lift V and the geometry of (X y ,uj y ) such that 

11'T‘MU,*,) < c 

for 0 < £ < 1. In particular, {VV(p £ }o <£ <i is a relatively compact subset in C k,a (X y ) 
for any fceN and a G (0,1). 

Proof. Differentiating (13. 16j) with respect to V, we have 

-Aft (VV V ') + £ (VVip,) = V ((p,)- 5 ") ■ (VVAj + v v ,u + V(R,). 

Since ll^ellc^psry) an d II^VeII c k ’ a {x y ) are bounded, the same argument in the proof 
of Propostion 13.71 says this PDE satisfies the hypotheses in Proposition 13.61 This 
completes the proof. □ 

4. Fiberwise Ricci-flat metrics on Calabi-Yau fibrations 

In this section, we discuss the properties of the fiberwise Ricci-flat metric p. We 
first discuss a partial differential equation which the geodesic curvature c(p) satisfies 
and several applications of this PDE. 

Let p : X —> Y be a smooth family of Calabi-Yau manfiolds and w be a Kahler 
form on X. We write 00 like as 113.811 . Since every fiber X y is a Calabi-Yau manifold, 
the first Chern class C\ (X y ) vanishes for each fiber X y . Since ci( X y ) is represented 
by the Ricci form of oj y , we know that 

[—dd c log det(g a p(-, y))] = 0 . 

By the dd'-lemma, there exists a unique function r) y G C°°(X y ) such that 

• dd c rj y = dd c logdet(g a p) and 

• !x, e”"M n = Ix,M n - 

For each y G Y, there exists a unique solution ip y G C°°(X y ) of the following complex 
Monge-Ampere equation on each fiber X y : 

K + d<F<p v ) n = e^ (uj y ) n , 

UJy d(l C (Py 0 , 

which is normalized by 

[ V y e Vy (uj y ) n = 0 . 

JXy 

Then it is easy to see that oo y + dd c (p y is the Ricci-flat Kahler metric on X y . As 
we already mentioned, we can consider <p as a smooth function on X by letting 
<p(x) = <p y (x) where y = p(x). Define a real (1, l)-form p on A" by 

p = to + dd c p. 

Since e Vv (u y ) n = ( (jJKE, y ) n , this is the fiberwise Ricci-flat metric in Theorem 11,11 

Since every fiber X y is Calabi-Yau, Kx y is a trivial line bundle for every y G Y. 
Hence the direct image bundle E = p*(K x /y) is a line bundle over Y. Take an ad¬ 
missible coordinate system (z 1 ,..., z n , s 1 ,..., s d ) in X. Let u be a local holomorphic 
section of E over an open set U C Y. (Shrinking U if necessary, s = (s 1 ,..., s d ) can 
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be considered as a local coordinate in U.) Since E is a line bundle, the curvature of 
(E, II-ll) is given by 

0(E) = —dd c log ||n|| s . 

We say that u is a representative of u if u is an (n, 0)-form on p~ l (U ), such that u 
restricts to u s on fibers X s , i.e., 

i*(u) = u s 

where i s is the natural inclusion map from X s to X (for more details, see [HE]). 
The representative is not uniquely determined, but any two representatives are differ 
from dsAv for some {n — 1, 0)-form v. Hence if we denote by uAuAdV s := uAuAdld,, 
where d,V s = Cdds A ds, then it does not depend on the choice of the representative. 
Moreover, it also follows that 

imi; =c n u a 

Jx 3 

for any representative u of u. In terms of u, the function p is written explicitly: 


u = Cn 


u A u 


ix a 


Proposition 4.1. On p 1 {U), p is written as follows: 
(4.2) 


u> n A dV s 

Viz, s) = - log _ _ a _ a - log 


c„u A u A dVc 


In particular, we have the following: 



2 

S * 


dd?ri = -G h » /Y {K x/Y ) + e{E). 


Proof. Let u be a representative of u. Denote the right hand side of (14.21) by r). It 
is enough to show the following: 

1 . J x e^(u s ) n = 1 . 

2 . dd c rj\ Xt = -dd c \ogdet(g a p)\ Xs . 

First we compute 




exp 



L0 n A dV s 
c n u A u A dV s 


— log ||w 


(w s ) 


If we write dz = dz 1 A • • • A dz n , then 

(a; s ) ri = det (g a p)c n dz A dz and u|x s = u(z, s)dz 
for some local holomorphic function u(z,s). It follows that 

[ e 7 \uj s ) n = [ exp (- log d ^} 9a ^ 2 - log ||u||^ (w s ) T 


'Xs 


'Xs 

1 


C n \U(Z,S) 


\u\\ s Jxs det(p^) 


-det (g a p)dz A dz 


u\\] Cn Jx s drt(g a p) 


u(z,s , . . 

-- -det(g a p)dz A dz 


mil 

1 


c n / u(z,s)dz Au(z,s)dz 


'Xs 


u A u = 1 


\u\ 


'Xs 
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This yields the first assertion. For the second assertion, 

mc/', uJ n AdV s 2 

dd r)\x s = ~dd log a : ;TA + log ||m 


c n u A u A dV s 
= -dd c (logdet(^) + log |w(z,s)| 2 ) 
= —dd c log det(< 7 a/ g) \x a - 


x s 


x a 


For the second assertion, 


,, c ,, c , A dV s 

dd rj — —dd log ■ 


c„w A u A dV q 


dd c log ||w| 


,, C1 det(g a p)c n dz A dz A dV s 2 

=—dd log---- dd log||w|| s 

|w(z, s)| c n dz A dz A dV s 

= —dd c log det (g Q p(z, s)) + dd c log | u(z, s)| — dd c log 
= ~&h“ /r (Kx/y) + dd c log |«(z, s )| 2 + 0 (B) 

= -B^JKx/y) + 0(E). 

This completes the proof. 


fit 


□ 


Since p is positive-definite on each fiber, it induces a hermitian metric h p x j y on 
K x /y as in Remark 12.31 The curvature of h p x j Y is computed by Proposition 14.11 as 
follows: 

Q h p x y (K x /y ) = dd c log ( p n A V—lds A ds ) 

= dd c log ((a; + dd c (p) n A \f—lds A ds) 

= dd c log ( e v uj n A V^lds A ds) 

= dd c p + O h * /Y (K x / Y ) ~ dd c log uj n A dV s 
= ~®h% /Y (Kx/Y) + 0(E) + O h u_ /Y (K x / Y ) 

= 0(E). 

Here 0(E) means p*0(E). This formula enables us to compute the Laplacian of 
c(p ) on each fiber X y : 


Theorem 4.2. Let V e T y Y. Then the following PDE holds on X y : 

(4.3) - /\ f c(p)(V) = \8vX p -0 V v(E). 

The computation is quite straight forward. Later, we will prove this for more 
general situation (See Theorem 15.11) . 

Remark 4.3. To show that p*p n+1 is positive on Y, it is enough to consider a 
Calabi-Yau fibration over the unit disc by the following: 

1. Let o’i and cr 2 be real (1, l)-forms on Y. Suppose that 

p * M 7 ( D )) n+1 > p * M 7 ( d ))" +1 

for each holomorphic disc y n+1 : D —> Y. Then we have p*((Ji) n+1 > 
P*(c 2) n+1 on A". 

2. Every computation concerning the positivity of p*p n+l is local in s-variable, 
which is a local coordinate in Y. 
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Therefore we only consider a famliy of Calabi-Yau manifolds over the unit disc in 
C as long as we are interested in positivity properties of p*p n+l . In this case, (14.31) 
turns out to be 

( 4 - 4 ) - A pc(p) = \dv p \ 2 p - Q S s(E), 

where v = d/ds and O sS (E) = 0(E)(v,v). As we mentioned in Section [2711 the 
positivity of p*p n+1 is equivalent to f x c(p)p n > 0. 

Remark 4.4. In case of a family of canonically polarized compact complex mani¬ 
folds p : X -> D, Schumacher have proved that the geodesic curvature c(p) of the 
form p, which is induced by the fiberwise Kahler-Einstein metrics of Ricci curvature 
— 1, satisfies the following PDE: 

(4.5) - A p c{p) + c(p) = \dvp\ 2 „ 

for each fiber X y ([30]). This PDE gives a lower bound of c(p) directly by the 
maximum principle. (More precise lower bound is also obtained using heat kernel 
estimates by Schumacher.) Hence the fiberwise Kahler-Einstein form p is a semi¬ 
positive metric on X. However (j4.4j) does not gives a lower bound by the maximum 
principle. 

It is worthwhile to note that the Wcil-Petersson metric on the moduli space of 
canonically polarized manifolds is expressed by the fiberwise Kahler-Einstein metric 
p. More precisely, it follows from (14.5j) and (12.31) the Wcil-Petersson metric ujwp is 
written by 

(4.6) ujwp = [ p n+1 ■ 

J x B 

In case of the moduli space of polarized Calabi-Yau manifolds, our fiberwise Ricci-flat 
metric does not give such kind of identity. Recently, Braun proved that there exists a 
Kahler form ujsrf on a family of polarized Calabi-Yau manifolds with vanishing first 
betti number such that the restriction of the Kahler form on each fiber is Ricc-flat 
metric and it satisfies (14.6|) (0). 


In the last of this section, we discuss some applications of Theorem 14.21 The 
Weil-Petersson form oj wp of a family p : X —> Y is a real (1, l)-form on Y which is 
induced by the following norm: 



Proposition 4.5. For V G T'Y, the following holds: 

IpUH l = e rV (E). 

In particular, uo WP = 0(E). 

Proof. Integrating (j4.3j) on X y gives the conclusion. □ 

Proposition 4.6. dV p ■ u y is the harmonic representative of the cohomology class 
K y (V ) • u y with respect to p\x y - 


Proof. Since A is a line bundle, Griffiths’ theorem implies that 


Ovv(E) = 


\K,(V)-u,\ 


lin, 


2 
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Note that 

av„ e k,(v). 

It follows that 

\\Ky(V)-Uyf , \\8V p -u,\\ 2 

ll ll 2 — II II 2 

\\ u y\\ ll^yll 

The following lemma is well known (cf, see [29]). 

Lemma 4.7. Let (X,u>) be a Calabi-Yau manifold. Let u be a non-vanishing holo- 
morphic n-form on X such that 

Ml := [ \u\ 2 u dV u = f dV u = 1. 

J x Jx 

Denote by A^ p ’ q \E) the space of smooth (p, q)-forms with values in E. Define a map 

T u : A^ 0,1 \T'X) -A A^-^^X) 

by T U (V) = V-u. Then T u is an isometry with respect to the pointwise scalar product 
induced by uj. 


Hence Proposition! 4.4 implies that 


\dv. If; = &vv(E) = 


II K y (V)-u t 


< 


\\9V ( 


p u y\ 


^7, 


\Uq. 


= Pn 


It follows that dVp-Uy is the harmonic representative with respect to p\x y of K,(V). 
u y . This completes the proof. □ 


Proposition 4.8. Let p : X —>■ Y be a Calabi- Yau fibration. If the curvature of the 
direct image bundle p*(K x /y) vanishes along a complex curve, then the fibration is 
trivial along the complex curve. 


Proof. Denote by 7 the complex curve in Y. Then p | 7 : X. f —y 7 is a Calabi-Yau 
fibration over a 1-dimensional base. If we take s be a holomorphic coordinate of 7 , 
then we have Equation (I4.4|) on each fiber X y for y C 7 . By the Hypothesis, Q S s{E ) 
vanishes on 7 . Proposition 14.51 implies that v p is a holomorphic vector held on X 1 . 
The how of v p makes X 1 a trivial fibration. □ 


5. Proof of Theorem 11.11 and Theorem 11.21 

In this section we shall prove the main theorem. As we mentioned in Remark 14.31 
it is enough to show that f x / D c(p)p n > 0 for a family of Calabi-Yau manifolds over 
the unit disc in C. 

Let p : X —y D be a smooth family of Calabi-Yau manifolds. For each e with 
0 < e < 1, we consider the following hberwise complex Monge-Ampere equation on 
each hber X y : 

(ojy + dd c (f y ) n = e £lfiy e^ (uj y ) n and 

(ill 

LUy Y dd <Py > 0, 

where r) is defined in Section Theorem 13.11 implies that there exists a unique 
solution (py tE G C°°(X y ) of (15.111 . As we mentioned, we can consider ip £ as a smooth 
function on A" by letting ip £ (x) := <py je (x), where y = p{x). We consider next the 
( 1 , l)-form 

(5.2) 


pe := Id + dd c cp £ 
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on the manifold A". Since p £ is positive definite when restricted to X y , it induces a 
hcrmitian metric h p X Y on the bundle K x /y\x 0 - By Proposition 14.11 the curvature 
is computed as follows: 

Q h pe /Y (K X / Y ) = dd c log (( p £ ) n A V^lds A ds) 

= dd c log ((co + dd c ip £ ) n A y/^1 ds A ds) 

= dd c log (e £ ^ + \; n A V^lds A ds) 

= dd c i 7 + eddfipe + 9 h « /y (K X /y) 

= Q(E) + edd c ip £ . 


From (15.211 . we have dd c (p £ = p £ — uj, it follows that 
(5.3) Q h pe (K x /y) = £Pe — ew + Q(E) 

A/ Y 

in the other expression, 


ep £ — eu + Q h pe /Y (K X / Y ) — ®{E). 

Our next claim is the geodesic curvature c(p e ) satishes a certain elliptic partial 
differential equation of second order on each fiber X y . 

Under an admissible coordinate (z 1 ,..., z n , s) G X, p £ is written as follows: 
p £ = h e ) S sds Ads + ( h £ ) s pds A dz^ + ( h £ ) Q sdz a A ds + ( h £ ) a pdz a A dz^j . 


For each y e D, {h £ ) a p(-,y) gives a Kahler metric on X y . (If there is no confusion, 
we simply write (h £ ) a p.) Thus we can define contraction and covariant derivative 
on each X y with respect to {h £ ) a p. We use raising and lowering of indices as well as 
the semi-colon for the contractions and the covariant derivatives with respect to the 
Kahler metric {h e ) a p, respectively, on the fiber X y . We denote by A Pe = A Pe | the 
Laplace-Beltrami operator with negative eigenvalues on the fiber X y with respect 
to p e \xy 

By raising of indices, we can write the horizontal lift v Pe of v = d/ds with respect 
to p £ by 


v 


Pc 


d_ 

ds 




d_ 

ds 


{h e ) 


d 

dz a ’ 


Then dv Pe is a T'A y - valued (0, l)-form which is dehned by 


Bv Pc =B {§;- 

= (-d(he) s a ) 


d 
dz a 
d 
dz a 

d(K) °. d j ^ 3 


dz? 


dz c 


Since {h £ ) a p is a Kahler metric and we use holomorphic coordinates, dv Pe is written 
by 


dv Pe 


-{he) s a .p dz? ® 


d 

dz a ' 
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Then Remark 12.21 savs that the geodesic curvature c(p e ) : X —> K. is given by 

c(p e )(z,s) = {v Pe ,v Pe ) pe 

= (h £ ) s ,~ {h £ ) s p{h e y a {h £ ) a - s . 

The following theorem is inspired by Schumacher’s method in |3_0j. Paun generalized 
the computation to the twisted Kahler-Einstein metric case ([28)). (See also |9j.) 

Theorem 5.1. The following partial differential equation holds on each fiber X y : 

-X Pe c(p E ) + ec(p £ ) = eu(v Pe ,v^) + \dv Pe \ 2 pe - Q sS (E), 

where | dv Pe |^ is the pointwise norm of dv Pe with respect to the Kohler metric p e \x y - 

Proof. We fix a fiber X y and e > 0. During this proof, if there is no confusion, 
we omit the subscript £ in the components in p £ for simplicity, namely, we write as 
follows: 

hss ( he)ssi hsj3 (h'e'jsf3 &lld h a p (f^e)a0- 

We have to compute the following: 

AAPs) = h^(c(p £ )) r/ - s = lA (h sa - K-ph^has 


;7 S 

First we consider the term lAh S g rf $. Since co is a Kahler form on X, p e is locally 
<9<9-exact. So we have that 

d 2 


Then it follows that 


, _ d 2 h S s 

s ^~ S dz^dz ~ 5 


d 2 


dsds^ lS ' 


}X' h - i = h 57 —_ h i 

n u ss-^5 u QsQs^ 5 


= X ( hP-h s ) - — dh * 

ds 7,5 / ds ds 


d_ 

ds 

d 2 


dsds 


- logdet(h a( g) + 1 i 


Set dh a 0 ^01 ph'yS 


By (El, we have 

d 2 


- log det(h a 0 ) = £p e 


d_ d_ 

ds ’ ds 


£CU 


ds 

d_ d_ 

ds ’ ds 


ds 


+ Qss(E). 


dsds 

Hence it follows that 

(5.4) h^h s ^6 = £ (h aS - g as ) + e aa (E) + h s 0 . a h- sl .- 5 h^ a . 


Next we consider the term lA ( h s pA a h 0 


_, which can be written by 


lA [h s a h c 


;7 8 


' ;7<5 ’ 


Define a tensor { A g a by 
Then it follows that 


A a - — —h a - 

A 0 ~ n s ; 0 ‘ 


Bv e = A s a 0 j^ ® dz '- 
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Hence we have 


h &1 (/CM ;7 s — [hf.^ghsa + A/gAge 7 + hfi ,-gh Sa . s + hfi A gai . s 

'■= h + h + h + h- 


First of all, it is obvious that 

/2=va-^ Si = i^p.if 

And the term J 3 is equal to h Sa , which is appeared in (j5.4j) . So these 

terms are cancelled in the last computation. 

Before computing A and J 4 , we introduce some ingredients. Let R 5 be a 
Riemann curvature tensor of p e \x y - Then by the commutation formula for covariants 
derivatives, we have 

( 5 - 5 ) ~ T° nf = 

Let R a p := R 1 be the Ricci tensor of p e \x y - By the definition of in Remark 
2.3, we have 


Qh%, Y \xy - —Ric(p e |x M )- 


Hence it follows from (j5.3j) that 


R a p £Q a p- 

Lemma 5.2. Let d* E be the adjoint of d with respect to the L 2 -inner product with 
Pe\x y , which is defined by 


d* (A a ,J- ® d ??1 := h h A a n S~ 
V s p dz a J s ^dzJ 

Then we have the following: 

(5-6) 5* (Bv p e) = e ( g s ~ s h Sa - h sS g 5a ) 

In particular, we have 


= e (ft,- A s59 j “) . 

Proof. Since the Riemannian connection induced by a Kahler metric is torsion-free, 
we have 

h h A a “ l . 1 = -h^h Sa h, m = -h^hH, f . Sr 
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By (15.31) and (15.51) . it follows that 


h^A a n = -h^h Sa 

s P ;7 


= -h 


5a 


^s/5;7(5 h sr R 


dhf- 


= -h 


5a 


h?1 Ar). 5 _ h - rhflR ’ih 

d \ 

— log det {h a p) J _ + h sf R T S 

' d 

= ~h Sa [(O h%Y ) s - s + h sf h^R^ 

= -h^ a (9h% /Y )s5 ~ h S fh T1 {<c) h pe /Y ) 

= -eh 5a [h s ~ s - g s ~ s - h sf h T1 (/ny - g^)] 

5a t _ „5a 


= £ 


- h s &g 


This completes the proof. 


□ 


Next we compute the term ip 


h = A 

= (-A / S; ,A + ysv® 1 


—£ 


5a 


- h s - s g 5 ") - h*R\ 

-e [g.Ji Sa - h s - s g~ 5 ^ - h sX R" x 
~£ (psth 5 * ~ hss9 5a ) + h sX e (h aX - g aX 
9sS^ a + hss9^ a + h sX ( h 
as 9sj3 


fa's a 
fa'sa 
fa'sa 
= She, 


= £ (h s ph^ a h n s ~ q.tihP a h nS \ . 


,<y A _ g(r\ 


Finally we compute the term J 4 : 


h = h^h/A^s 

= h,jr x A^ u) 

= h si y£ ( g sS h 617 - h- sS g 5a ) 

= ^ (h s ph? a g a s - h s ~^ a h c 
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Together with all computations, it follows that 

^pe^Pe) e{h s - s Qss) ©ss(-E') |^^/9 e | 

- e (h s phP a Ks - g s -phP a h a ^j 
~ £ (h s ^ a 9as ~ h.sSg^has'j 
= Qss(E) - | Bv Pe | l E +£ (h 8S - h s phP a K^j 
+ £ (Qss ~ g s phP a Ks - h s ph? a g a - s + h s ~ p g Ba h a ^j . 

Since 

u(v Pe ,v^) = g sS - g s phP a h a s - h s fl^ a g a - s + h s ^ a h a - s , 

it follows that 


- A pAPs ) + £c(p e ) = £u{v Pe ,v Pe ) + \dv Pe \ 2 pe - Q S s(E). 
Therefore, we have the conclusion. 


□ 


Corollary 5.3. Let p be the fiberwise Ricci-flat metric in Theorem li.il Then the 
following PDE holds on each fiber X y : 

-A P c(p) = \Bv p \ 2 p - Q S s(E). 

Proof. Recall that the fiberwise Ricci-flat metric p satisfies the following: 

e h%/Y (K x/Y ) = -dd c \og\\u\\ 2 s = e(E) 

If we apply the same computation with the proof of Theorem 15.11 to p using the 
above equation, then we have the conclusion. 

On the other hand, it is also an easy consequence of the convergence of the form p £ 
to p as £ —>• 0 by passing through a subsequence for each y 6 Y. (More precisely, the 
function tp £ converges to p as e —> 0.) This will be proved in the next section. □ 


Remark 5.4. The computations in Corollary 15.31 do not use the normalization 
condition of <p. Hence it is easy to see that for any d-closed smooth real (1, l)-form 
r whose restriction on each fiber is the Ricci-flat metric we have 

-A t c(t) = \Bv t \ 2 t - Q S s(E). 


Now we are at the position of proving the positivity of the direct image p*p n+1 . 
As we mentioned in Subsection it is enough to show that the fiber integral 
J x c(p)p n is positive. It follows from Theorem 15.11 and Proposition 14.61 that 



1 r 


'x s 


A pAPs) + | dv Pe 


\ 2 

I Pe 


£ L 


||<9l 


p^WlUXs) 


Qss(e) 


- Qss(E) + £uj(v Pe ,v Pe ) 

+ / p £ ,v Pe )pf 
J Jx s 


Pe 
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We already know that on each fiber X s , the p £ \x s converges to p\x a by Corollary 
13.51 Therefore, Proposition 15.51 which will be proved in the next section, says that 

(5.7) f c(p)p n > f uj{v p ,v p )p n . 

JX/ D JX S 

In paticular, p*p n+1 is positive. 

Proposition 5.5. On each fiber X y , there exists a sequence converging to 

0 as j —> oo such that 

c(p £j ) c(p) and dv Pe —> Bv p as j —> oo. 

We end this section with the proof of Theorem 11.21 

Proof of Theorem li.H It is enough to prove when the family is over the unit disc D 
in C. Let s G D. Recall that c(p) satisfies 

-Apc(p) = \dv p \ 2 p - e s - s {E). 

It follows from the Green kernel formula that 

c(p) = jf c(p)p" + G,(z, w) (| Sv„\l- e„(E)) p" 

Since the integral of G s (z,w) is zero, it follows that 


c(p)> c(p)p n - G s (z,w) \dv p \ 2 p p 

J X. s J X s 


= / c{p) p n — k(s) / iftjy 


'Xs 


'Xs 

.WP / 


= / c{p)p n -K{s)uj w ^v,v). 

JXs 

Equation (15. 7[) implies that 

c(p) + K(s)u WP (v,v) > [ c(p)p n > [ uj(v p ,Vp)p n > 0. 

JXs JXs 

On the other hand, it is easy to see that 

c(p + K(s)u WP ) = c(p) + K(s)u WP (v,v). 

This concludes that p + K(s)uj wp is positive on X. 


□ 


6. Approximation of the geodesic curvature 
In this section, we shall prove Proposition 15.51 

First we recall the setting: Let p : X —> D be a Calabi-Yau fibration and let ui be 
a fixed Kahler form on A". For each fiber X y , we have a unique solution p y ^ £ of the 
following complex Monge-Ampere equation: 

(u y + dd c p y , e ) n = e e ^e r)y {u y ) n and 
LO y A dd Py t e A 0, 

where r) is defined in Section HJ As we mentioned, we can consider ip e as a smooth 
function on X by letting 

<p £ {x) := p Vi£ (x), 

where y = p(x). Denote by p £ = u + dd c p £ . 
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On the other hand, for each fiber X y , we have the solution (p y of the following 
complex Monge-Ampere equation: 

^ K + dd c if y ) n = e^y ( uj y ) n , 

LOy + dd C (fy > 0 , 

which is normalized by 


(6.3) 





o. 


Then ip is a smooth function on A". We denote by p = u + dd c ip. It is remarkable 
to note that p e and p are uniformly equivalent on X y by Proposition 13.21 

In this section, we write the horizontal lifting v p of d/ds with respect to p as 
follows: 


9 , a 9 

— - 4 - n - 

ds s dz 7 


4 _ h -hP a 

ds 5/3 


d 

dzJ' 


in an admissible coordinate (z, s) in A". 


Theorem 6.1. For a fixed fiber X y , the following holds: 

Fe ->■ <p, v p (p £ -> Vpip and W p v p (p E W p v p p 

as e —^ 0 in C k,a (X y )-topology for any k e N and a G (0,1) by passing through a 
subsequence. 


It is obvious that this theorem implies Proposition 15.51 


In the proof, we fix a fiber X y and omit the subscript y , if there is no confusion. 
Every convergence means the convergence by passing through a subsequence in the 
topology of C k,a (X y ) for any k G N and a G (0,1). 

It is easy to see that Corollary 3.5 yields the first assertion. This also implies that 
there exists a uniform constant C > 0 such that 

(6-4) ^uj y < p e \ Xy < CUJy, 

for 0 < e < 1. 


Before going to the further proof of Theorem 16.11 we introduce the following 
proposition about the fiber integral. 

Proposition 6.2. Let r be a d-closed real (1,1)-form on X whose restriction on 
each fiber X s is positive definite. For a smooth function f on X, we have 

I L ^ = L o”>= L ^ 

kJ Ag « Ag Ag 

In particular, if f x fr n = 0 for s G D, then 
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Proof. The first equality is mentioned in Section 3.2. Cartan’s magic formula and 
Stokes’ theorem imply that 

8 f fr n = [ L„ r (/T”) 


ds 


'x a 


'Xs 


(d o i Vr + i Vr o d) (/r n ) 


'x. 


= / d(i VT (fr n ))+ / i Vr (df A r n ) 


ix a 


'X a 


'Xs 


(■ Vrf)T r ‘ 


df A v(r n ). 


' Xs 


On the other hand, Lemma 12.41 implies that 

v(t”) = i Vr (r) A r n_1 = v^-Tc(r) A T n_1 A ds. 

Hence we have 

[ df Ai VT (r n ) = f v / —lc(r)d/ A r n_1 A ds = 0. 


'-Y. 


'A, 


□ 


This completes the proof. 

Now we go back to the proof of the second assertion. Taking logarithm of (16.111 
and differentiating it with respect to v p , we have 

( h e f a v p (g a p + (<p e ) a p) = evpife + v p rj + g~ 0a v p (g a p). 

As in Section 3, we have 

-A Pe (v p ip £ ) + e (v p (f £ ) = -V p r) + (h £ ) a P (v p (g a p) + [v p , <p s ] a p) - g a ?Vp (g a p) , 
where A Pe is the Laplace-Beltrami operator of p £ and 
[Vp,<Pe] a p = V p(Map) - (VpM)aP 

= — a s' y a(Pe) 7/3 — a <7 piP e) 07 • 

We denote the right hand side by R e . Hence v p (p £ satisfies the following equation: 

(6.5) - A Pe {vpip £ ) + e(v p ip £ ) = R £ . 

Then Proposition 13.61 implies that there exists a uniform constant C > 0 such that 

ll^p^e|lc fc '“(X s ) < ^ 

By the same computation to (16.21) , v p tp satisfies that 

(6.6) - A p(v p (p) = R, 
where 

R = v p rj + h a ~P (v p (g a p) + [v p , ip\ a p) - g a K p (g a p) . 

Since <p £ converges to ip and [v p ,(p e ] a p does not include s-derivative of <p £ , we have 

{h e Y a ^h pa and [v p , (p £ \ a p ->■ [v p , ip] a p as £ ->• 0. 

It follows that Equation (16.5)) converges to Equation (16.61) as £ —* 0. Since Proposi¬ 
tion [672] says that v p ip is the unique solution of (16.61) which satisfies that 


(v p ip)p n = 0, 


'Xs 
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the following Lemma completes the proof. 

Lemma 6.3. The following holds: 

lirn f (v p <p £ )p n = 0. 

£ ^° J x„ 

Proof. Integrating (16.ip . we have 


1= [ e £{p£+v uj n . 

Jx s 

Differentiating with respect to s, we have 

° = 4- [ e £lfie+v u n = [ v p (e^)p n = e [ {v p <p e )e e *'p n . 
C>S Jx s JXs Jx s 

Since e eife {p £ ) n = p n on each fiber X s , 


[ (v p <p e )(p e ) n = 0. 

Jx s 

Since p e and p is uniformly equivalent on X s , this completes the proof. □ 

It remains only to prove the last assertion. 

Differentiating (16.5p with respect to Wf, we have 

£ ) + £{v- p v p (p £ ) =— p {[h e f°^ ■ (v p ((p £ )) a p + v- p {R £ ) 

+ (h £ f a [ir p ,v p <p £ } a p. 

Then Proposition 13.61 implies that there exists a uniform constant C > 0 such that 

\\ v p v pT^\c k ’ a {x s ) ^ C- 
By the same way, v~ p v p p satishes that 

(6.8) - A p W p v p p = W p ■ (v p (p) a p +— p R + h^ a [W pi v p <p\ a p. 

We already know that <p £ —> (p and v p (p £ — > v p p as e — * 0 on X y . ffence the similar 
argument says that the RffS of (16.71) converges to the RffS of (16.8|) as £ —* 0. Since 
Proposition 16.21 says that v~ p v p p is the unique solution of (j6.8|) which satisfies that 


(6.7) 


-A pXv P v P T 



0, 


As the previous argument, the following lemma completes the proof. 
Lemma 6.4. The following holds: 


lim 

£—>-0 



(v p v p ip £ )p n 


0. 


Proof. Integrating (16.ip . we have 
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Differentiating with respect to s and s, we have 

= e[ ilT p v p ip £ )e £ * e p n + £ 2 [ \v p ip £ \ 2 e £tpe p n 
JXs Jx 3 

Since <p e and v p ip £ are uniformly bounded, it follows that 

/ (ir p v p (p £ ){p £ ) n 0 as £ > 0. 

Jx s 

This completes the proof as in the proof of Lemma 16.31 


□ 


7. Some remarks 

As we mentioned in Introduction, our method does not show the positivity or 
semipositivity of the fiberwise Ricci-flat metrics. But in a special case, we have the 
positivity. In the next section, we will introduce an example which is in this case. 

Corollary 7.1. Suppose that | Bv p |^ depends only on s-variable (, i.e., it is a constant 
on each fiber.) Then p is positive on X. 

Proof. Since | dv p |^ is constant on each fiber X s , Proposition 14.51 savs that | dv p |^ = 
® S s(E). It follows that 

-A p c(p) = 0, 

i.e., c(p) is a constant on each fiber. Hence we have 

c(p) = [ c{p)p n . 

Jx s 

Then Theorem 11.11 completes the proof. □ 

Now we consider a different type of fiberwise Ricci-flat metric. Let p : X —» D 
be a Calabi-Yau fibration and let u be a fixed Kahler form on X. By the same 
argument, there exists a unique smooth function if in X such that 

(UJy + dd C i>y) n = e nv (u y ) n , 

OJy + dd C fi>y > 0 

on each fiber X y with the following normalization condition: 



Obviously, p := uj + dd c, il> gives another fiberwise Ricci-flat metric on X. This metric 
is called semi-flat or semi-Ricci-flat metric on the polarized family of Calabi-Yau 
manifolds (cf, see [33, S3 S3])- By Remark 15.41 we have the same PDE: 

-A c(p) = \dv p \ 2 . - Q S s(E). 

By the uniqueness of the solution of complex Monge-Ampere equation, it is easy to 
see that if = <p — A(y) where 

A (y) = [ Tu n . 

Jx y 


Then Theorem 11.11 and Theorem 11.21 immediately imply the following. 
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Corollary 7.2. Under the hypothesis of Theorem, II.II and Theorem \l.A we have the 
following: 

(1) p*p n+1 + dd c A is positive on Y. 

(2) p + dd c A + K(y)oo WP is positive on X. 

Remark 7.3. It is pointed by Demaiily and Eyssidieux that the hberwise Ricci-flat 
metric in Theorem o and the semi-Ricci-flat metric are not uniquely determined 
in the cohomology class [a;]. More precisely, even if u\ and CU 2 are Kahler metrics 
in A" which are in the same cohomology class [a;], the fiberwise Ricci-flat metrics 
constructed in Theorem 11.11 (or semi-Ricci-flat metrics above) are different. Hence 
it is interesting to ask the canonical way to define the fiberwise Ricci-flat metric on 
Calabi-Yau fibrations, which is uniquely determined in each Kahler class [cu] in X. 


8. An example : a family of elliptic curves 


In this section, we compute the fiberwise Ricci-flat metric on the well known 
example which is the family of elliptic curves. The computation in this section is 
due to Magnusson. For the details, we refer 


Let H be a upper half plane in C. Let (z, s ) be a Euclidean coordinate on Cxi. 
Define a group G by 

G = {g n ,m ■ 9n,m(z , s) = (z + U + TUS, s).} 

Then G acts on C x HI properly discontinuously. The quotient space Cxl/G forms 
a universal family of elliptic curves, call it A". 

The (1, l)-form : ^-dz Adz on C descends to a Ricci-flat Kahler form on each X s . 
Note that 


Vol(A. s ) = 




dz Adz = Im s. 


'x. 


Since dz is a nonvanishing holomorphic section of the direct image of the relative 
canonical line bundle, the curvature ©(E) is 

0(E) = —dd c log ||cE|| 2 = —dd c log f yf—\dzAdz 

Jx s 

1 


= —dd c log Im s = 


s — s 


r\/—I ds A ds. 


There exists a Kahler form p on X such that n 1 (p) = p is written by the following: 
p = \/—T ( h S gds A ds + h sS ds A dz z + h Z gdz A ds + h zz dz A dz') . 


where 


dss h sz 

h z z h zz 


( 


\ 


+ 


(Im s) 2 (Im s') 


z — z 

s — s 


1 


Im s s — s 
1 


z — z ^ 


Im s s — s Im s 

It is easy to see that g*p = p for all g e G. Denote by v = d/ds. The horizontal lift 
of v p with respect to p is computed by 

d ,,^<9 d z — z d 
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It follows that 


a 1 d 

9v ' = -—sdi 


<g) dz. 


It is easy to see that this is the harmonic representative of K s . Hence we have 


IS 12 1 

\ov J = -- 


l —12 ' 

| s — s I 

In particular, | | ^ is a function which depends only on s- variable. The geodesic 

curvature c(p) is computed by 

c(p) d S g h S zh ~hzs 

1 1 


_\ 2 
Z — Z 


(Im s) 2 (Im s) \s — s 

1 > 0 . 


z — z 


Im s s — s 


■ Im s 


(Im s) 2 

Therefore, the fiberwise Ricci-flat metric p is positive on X. The direct image of p 2 
is given as follows: 


P*P 2 = / p 2 = / c(p)p A v —Ids A ds = 


>x a 


>x s 


(Im s) 


;V—Tds A ds. 
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